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Calculating temperature dependence over long time periods:

Derivation of methods

Heike Lischke ∗, Thomas J. Löffler, Andreas Fischlin

Systems Ecology, Institute of Terrestrial Ecology, ETH Zürich

Abstract

Rates of ecological processes are usually influenced by temperature. For simplicity and ef-
ficiency of ecosystem models it is often necessary to summarise information about temperature
dependence from short, e.g. hourly, time intervals over longer, e.g. monthly, time periods, i.e. to
calculate long term expected values of dependence functions. This aim can seldom be achieved by
applying the temperature function to the mean temperature, because temperature dependencies
are in many cases nonlinear. Therefore, we derived newly seven methods for such a temporal
aggregation of temperature dependence. The methods determine the expected value interpreting
either hourly temperature, daily temperature mean, or daily temperature mean and amplitude as
random variables. The dependence function hereby is approximated by a piecewise linear function,
the daily temperature course by a triangle and the density function of the normal distribution by
a parabola.
The resulting methods cover a range of temperature input data resolutions: monthly mean or
standard deviation or both of either hourly temperatures, daily temperature extrema, daily tem-
perature means and amplitudes, or only daily temperature means. The methods can be applied
to all types of dependence functions, in particular to nonlinear ones.
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1 I n t r o d u c ti o n

M a n y bi ol o gi c all y o r e c ol o gi c all y r el e v a nt pr o c e s s e s a r e t e m p er a t ur e d e p e n d e nt.  T hi s h ol d s f o r d e-
v el o p m e nt pr o c e s s e s of p oi kil o t h er mi c o r g a ni s m s, a s e. g. t h e  m a t uri n g of i n s e ct s o r t h e g r o wt h of
pl a nts.  Al s o pr o c e s s e s u s e d t o s y n c hr o ni s e a n o r g a ni s m’ s lif e- c y cl e t o s e a s o n all y c h a n gi n g e n vir o n-
m e nt al c o n diti o n s, s u c h a s i n s e c t di a p a u s e, s e e d v e r n ali s a ti o n o r ti mi n g of tr e e b u d r e s t br e a k a r e
a t l e a s t p a r tl y r e g ul a t e d b y t e m p e r a t ur e.  T h e f u n cti o n s dep (T ) b y  w hi c h t h e s e pr o c e s s e s d e p e n d o n
t e m p er a t ur e T a r e u s u all y n o nli n e a r.  C u m m ul a ti v e e ff e c ts of t e m p e r a t ur e o n s u c h bi ol o gi c al pr o c e s s e s
c a n b e  m e a s u r e d b y  m e a n s of t h e i nt e g r al

M (t, t0 ) : =
D ef .

t

t 0

dep (T (τ ))d τ ( 1. 0. 1 )

o v e r a ti m e i nt e r v al ( t0 , t).  T hi s i nt e g r al i s oft e n r ef er r e d t o a s “ p h y si ol o gi c al ti m e ”, “ d a y- d e g r e e- s u m ”,
o r “ h e a t- u nit- s u m ”.
Te m p er a t ur e d e p e n d e n c e pl a y s al s o a  m aj o r r ol e i n  m a n y e c ol o gi c al si m ul a ti o n  m o d el s, r a n gi n g fr o m
p e st pr o g n o si s  m o d el s ( e. g. B u g o f f 2 ( B l a g o  a n d  Di c k l e r  n. d. ) a n d A p f Wi c k ( Li s c h k e  a n d
B l a g o 1 9 9 0,  Li s c h k e 1 9 9 2 ) , o v e r c r o p p h e n ol o g y  m o d el s ( e. g. Bi o ti m e , ( Ki r s t a  a n d  T a r a b ri n
1 9 9 4 ) ), t o  m o d el s e x a mi ni n g t h e s e n siti vit y of e c o s y st e m s t o a p o t e nti al cli m a ti c c h a n g e, a s e. g. t h e
f o r e st s u c c e s si o n  m o d el s F o r s k a ( P r e n ti c e e t  a l. 1 9 9 3 ) , F o r C li m ( B u g m a n n 1 9 9 4,  Fi s c h li n
e t  a l. 1 9 9 4 ) , a n d Di s C F o r M ( Li s c h k e e t  a l. 1 9 9 5 ) ,  w h er e p h y si ol o gi c al ti m e d et er mi n e s e. g.
t h e g r o wt h a n d t h u s t h e c o m p etiti o n of i n di vi d u al tr e e s.
A n i m pr e ci s e f o r m ul a ti o n of t h e t e m p er a t ur e d e p e n d e n c e f u n cti o n c a n s eri o u sl y i n fl u e n c e t h e o ut c o m e
of s u c h  m o d el s, d e p e n di n g o n t h e  m o d el s e n siti vit y t o t h e r e g a r d e d t e m p e r a t ur e d e p e n d e n c e f u n cti o n.
F o r e x a m pl e, a n a b o ut 1 0 % er r o r of t h e t e m p er a t ur e d e p e n d e n c e of c o dli n g  m ot h d e v el o p e m e nt l e a d s
t o a n e r r o r of a b o ut 7 d a y s i n t h e si m ul a ti o n s  wit h a p e s t pr o g n o si s  m o d el ( Li s c h k e 1 9 9 2 ) i n  C e ntr al
E ur o p e.  D e p e n di n g o n t h e a p pli c a ti o n, s u c h a n er r o r  mi g ht b e u nt ol er a bl e.

T h e  m o s t e x a c t a p pr o a c h i s t o c al c ul a t e M (t, t0 ) b y s u m mi n g t h e a ct u al v al u e s of t h e d e p e n d e n c e
f u n cti o n u si n g t e m p e r a t ur e d a t a i n hi g h t e m p o r al r e s ol uti o n,  w hi c h r e fl e ct t h e di el a n d e v e n hi g h er
f r e q u e n c y t e m p e r a t ur e fl u ct u a ti o n s.
H o w e v e r, d u e t o pr a cti c al c o n str ai nt s a s t h e l a c k of a p pr o pri a t e i n p ut d a t a, l o n g c o m p ut a ti o n ti m e,
o r t h e d e sir e t o k e e p a  m o d el a s si m pl e a s p o s si bl e, i n  m a n y  m o d el s a l a r g e r ti m e st e p i s c h o s e n a n d
t e m p er a t ur e d e p e n d e n c e i s c al c ul a t e d b y a p pl yi n g t h e t e m p e r a t ur e d e p e n d e n c e f u n cti o n eit h er t o t h e
m e a n t e m p e r at u r e s, ( e. g.  m o nt hl y t e m p e r at u r e  m e a n s i n F o r C li m ) o r t o a n i nt e r p ol a t e d t e m p e r a-
t u r e c o ur s e ( e. g. i n F o r s k a o r t h e Bi o ti m e - m o d el).
Yet,  m o nt hl y o r y e a rl y t e m p e r a t ur e  m e a n s o r i nt e r p ol a ti o n s b e t w e e n  m e a n s d o n o t c o nt ai n all i n-
f o r m a ti o n a b o ut t h e t e m p e r a t ur e v a ri a bilit y i n t h e r e g a r d e d p eri o d, p a r ti c ul a rl y n o t a b o ut t h e di el
v a ri a ti o n. If t h e d e p e n d e n c e f u n cti o n i s n o nli n e a r,  w hi c h i s t h e c a s e f o r  m a n y pr o c e s s e s, s u c h a si m pl e
a p pr o a c h c a n l e a d t o a l o s s of pr e ci si o n i n t h e  m o d el o ut c o m e.
T o o v er c o m e t hi s c o n fli ct b et w e e n r e q uir e d pr e ci si o n a n d  m a n a g e a bilit y,  m et h o d s a r e n e c e s s a r y t o
c al c ul a t e p h y si ol o gi c al ti m e a s pr e ci s el y a s n e e d e d u si n g a s  m u c h i nf o r m a ti o n of t h e a v ail a bl e i n p ut
d a t a a s p o s si bl e .  T h e  m et h o d s s h o ul d  w o r k o n l a r g er ti m e s c al e s, a t l e a st o n e d a y, pr ef er a bl y o n e
m o nt h, y e a r, o r d e c a d e. i. e. a g g r e g a t e t h e t e m p e r a t ur e d e p e n d e n c e f u n cti o n fr o m t h e s m all ti m e s c al e
of t h e i n p ut d a t a t o a l a r g e r ti m e s c al e.  T hi s  m e a n s, t h e  m et h o d s s u m m a ri s e t h e i nf o r m a ti o n a b o ut
t e m p er a t ur e d e p e n d e n c e fr o m s h o r t ti m e i nt er v al s o v e r l o n g e r p eri o d s.
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S e v e r al a p pr o a c h e s e xi st t o d e al  wit h t hi s pr o bl e m. ( 1 ) A p o s si bilit y i s t o a p pr o xi m a t e t h e n o n-
li n e a r d e p e n d e n c e f u n cti o n u si n g a li n e a r o n e  wit h a l o w er a n d a n u p p er t hr e s h ol d, a n d t o s u m t h e
d ail y v al u e s of t hi s a p pr o xi m a ti o n a s i n B U G O F F 2 o r b y c al c ul ati n g it s e x p e ct e d v al u e ( A c ei t u n o
1 9 7 9 ) .  H o w e v er, t h e u s e of s u c h a li n e a rl y a n d  m o n o t o ni c all y i n cr e a si n g a p pr o xi m a ti o n i n st e a d of
t h e o ri gi n al d e p e n d e n c e f u n cti o n o r a b e tt e r  m a t c hi n g n o nli n e a r a p pr o xi m a ti o n a s e. g. t h e si g m oi d
f u n cti o n pr o p o s e d i n ( S ti n n e r e t  a l. 1 9 7 4 ) o r t h e bi o p h y si c al  m o d el s pr e s e nt e d b y S h a r p e a n d
D e Mi c h el e ( 1 9 7 7 ) a n d  W a g n e r e t al. ( 1 9 8 4 ) c a n l e a d t o c o n si d e r a bl e l o s s of pr e ci si o n ( B l a g o  a n d
Di c k l e r  n. d. ) .
( 2 ) O t h er a p pr o a c h e s a p pl y t h e d e p e n d e n c e f u n cti o n t o a n e sti m a t e d d ail y t e m p er a t ur e c o ur s e,  w hi c h
h a s b e e n a p pr o xi m a t e d b y  m o d el s s u c h a s t h e tri a n g ul a ti o n  m et h o d of  Li n d s e y a n d  N e w m a n ( 1 9 5 6 ),
t h e si n gl e si n e  m e t h o d b y  B a s k e r vil e a n d  E mi n ( 1 9 6 9 ), t h e si n e- si n e- m et h o d of ( A l l e n 1 9 7 6 ) , o r t h e
si n e- e x p o n e nti al  m et h o d of  P a r t o n a n d  L o g a n ( 1 9 8 1 ).  H o w e v e r, t e s ts of s o m e of t h e s e  m e t h o d s b y
W o r n e r ( 1 9 8 8 ) di d n o t s h o w a s a ti sf a c t o r y pr e ci si o n f o r all t e s t e d sit e s.  M o r e o v e r, if it i s n o nli n e a r,
t h e t e m p e r a t ur e d e p e n d e n c e f u n cti o n c a n n o t b e e v al u a t e d i n o n e st e p f o r e a c h d a y b ut h a s t o b e
a p pli e d t o h o url y v al u e s of t h e a p pr o xi m a t e d t e m p er a t ur e c o ur s e, s o t h a t n o c o m p uti n g ti m e i s s a v e d
c o m p a r e d t o t h e u s e of t h e o ri gi n al h o url y i n p ut d a t a.  T h e c o m p ut a ti o n al c o st s f o r s ol vi n g t h e i nt e g r al
M (t, t0 ) o v e r o n e d a y c a n o nl y b e r e d u c e d f o r u n c o m pli c a t e d, e. g. li n e a r d e p e n d e n c e f u n cti o n s a s i n
B u g o f f 2 .
( 3 ) E m piri c al c o r r e c ti o n f u n cti o n s of t h e t e m p e r a t ur e d e p e n d e n c e a s u s e d b y  All e n ( 1 9 7 6 ) o r  B u g-
m a n n ( 1 9 9 4) o n t h e o t h e r h a n d c o n fi n e t h e  m o d el a p pli c ati o n t o t h e r e gi o n s  w h e r e t h o s e f u n cti o n s
h a v e b e e n e sti m at e d.

S u m m a ri s e d, t h e a b o v e li st e d a p pr o a c h e s a r e eit h er r e st ri ct e d t o a s p e ci al, oft e n li n e a r t y p e of d e p e n-
d e n c e f u n cti o n, t o a c e rt ai n l e n gt h of t h e a g g r e g ati o n p e ri o d, o r t o a c e rt ai n ki n d of i n p ut d at a, e v e n
if  m o r e d et ail e d i nf o r m a ti o n a b o ut t h e t e m p e r a t ur e c o ur s e i n t h e a g g r e g a ti o n i nt e r v al i s a v ail a bl e.  O r
t h e y h a v e t o b e c o m bi n e d  wit h e m pi ri c al c o r r e cti o n t e r m s t o yi el d s ati sf yi n g r e s ult s.

T h e ai m of t hi s p a p e r i s t o d e ri v e s e v e r al a p pr o a c h e s f o r t e m p e r a t ur e d e p e n d e n c e a g g r e g a ti o n

• w hi c h a r e a p pli c a bl e f o r g e n er al, i. e. n o nli n e a r t e m p e r a t ur e d e p e n d e n c e f u n cti o n s;

• f o r t e m p e r a t ur e i n p ut d a t a of di ff er e nt r e s ol uti o n s;

• w hi c h a r e a bl e t o u s e a s  m u c h i nf o r m a ti o n a s p o s si bl e i n t h e a v ail a bl e t e m p e r a t ur e i n p ut d a t a,

• a n d t o  w o r k  wit h a r bitr a ril y l a r g e ti m e st e p s, r a n gi n g fr o m d a y s t o d e c a d e s;

• a n d  w hi c h a r e g e n er all y f o r m ul a t e d a n d t h er ef o r e e xt e n di bl e t o o t h er fi el d s of d e p e n d e n c e f u n c-
ti o n s;

2  D e ri v a ti o n of  M e t h o d s

2. 1  P ri n ci pl e s

I n t hi s s e cti o n t h e a p pr o xi m a ti o n pri n ci pl e s of t h e  m et h o d s a r e d e s cri b e d.  T h e s a m e g e n er al i d e a i s
u n d e rl yi n g all d e s cri b e d a p pr o a c h e s. If  wit h a c er t ai n t e m p er a t ur e x , p T , a c t ( x ) i s t h e r el a ti v e fr e q u e n c y
i n t h e a g g r e g a ti o n i nt e r v al (t0 , t), e. g. o n e  m o nt h, t h e n t h e p h y si ol o gi c al ti m e M (t, t0 ) ( cf. ( 1. 0. 1 )) c a n
b e e x pr e s s e d b y t h e i nt e g r al o v er t h e d e p e n d e n c e f u n cti o n of x m ulti pli e d  wit h it s a b s ol ut e fr e q u e n c y
b y

M (t, t0 ) : =
D ef .

t

t 0

dep (T (τ ))d τ

= ( t − t0 )
∞

− ∞

p T , a c t ( x )dep (x )d x

= ( t − t0 )E [dep (T )].

3



T h e r e b y E [dep (T )] i s t h e e x p e ct e d v al u e of t h e t e m p er a t ur e d e p e n d e n c e f u n cti o n dep (T ).  T h e pr o bl e m
i s t o fi n d a r eli a bl e e sti m a t o r f o r E [dep (T )] i n (t0 , t), gi v e n t h e  m e a n v al u e a n d st a n d a r d d e vi a ti o n o r
o nl y t h e  m e a n v al u e of t e m p e r a t ur e o r r el a t e d v a ri a bl e s a s e. g. t e m p e r at u r e e xt r e m a.
I n t h e f oll o wi n g ei g ht  m et h o d s f o r t h e e sti m a ti o n of E [dep (T )] a r e d eri v e d.  T h e a p pr o xi m a ti o n s u s e d
f o r t h e e s ti m a ti o n a n d t h e e x a c t al g o rit h m s a r e gi v e n i n s e c ti o n s 2. 2 a n d 2. 3 r e s p e c ti v el y.  T h e s y m b ol s
a r e e x pl ai n e d i n t a b. 5 i n t h e a p p e n di x.  F o r s a k e of si m pli cit y  w e c o n si d e r t h e a g g r e g a ti o n fr o m a n
h o url y t o a  m o nt hl y ti m e i nt e r v al, b ut t h e  m e t h o d s c a n al s o b e a p pli e d f o r o t h e r a g g r e g a ti o n s fr o m
all ti m e i nt e r v al s of l e s s t h a n o n e d a y t o l a r g e r o n e s, e. g. o n e y e a r o r d e c a d e.

2. 1. 1  M e t h o d s  u si n g t h e  h o u rl y t e m p e r a t u r e a s r a n d o m  v a ri a bl e

We d e s cri b e t w o a p pr o a c h e s, a b br e vi a t e d a s  D A a n d  E D H r e s p e cti v el y,  w hi c h r e g a r d t h e h o url y
t e m p er a t ur e a s a n o r m all y di stri b ut e d r a n d o m v a ri a bl e  wit h t h e d e n sit y f u n cti o n p T (x ).
I n t h e  wi d el y u s e d a p pr o a c h  D A, t h e e x p e ct e d v al u e i s a p pr o xi m a t e d b y a p pl yi n g t h e d e p e n d e n c e
f u n cti o n dir e ctl y t o t h e  m e a n t e m p e r a t ur e v al u e μ T i n t h e r e g a r d e d p eri o d, i. e.

E [dep (T )] dep (μ T ). ( 2. 1. 1 )

I n a p p r o a c h  E D H t h e e x p e ct e d v al u e E [dep (T )] of t h e h o url y v al u e s of t h e t e m p er a t ur e d e p e n d e n c e i s
c al c ul a t e d e x pli citl y b y

T ∼ N (μ T , σT ) ⇒ p T (x ) =
e − ( x − μ T ) 2 / 2 σ 2

T

σ T

√
2 π

( 2. 1. 2 )

E [dep (T )]  =
∞

− ∞

dep (x )p T (x )d x. ( 2. 1. 3 )

2. 1. 2  M e t h o d s  u si n g  d ail y t e m p e r a t u r e  m e a n, a m pli t u d e, a n d e x t r e m a a s r a n d o m  v a ri-
a bl e s

If n o h o url y i n p ut d a t a, b ut d a t a a b o ut t h e d ail y t e m p er a t ur e  m e a n s, a m plit u d e s, o r e xtr e m a a r e
a v ail a bl e, t h e f oll o wi n g si x  m et h o d s  E D H T 1,  E T H T 2,  E D M a n d  D A T,  E D D T 1,  E D D T 2 c a n b e u s e d.

M e t h o d s a p p r o xi m a ti n g t h e s t a ti s ti c al  p a r a m e t e r s of  h o u rl y t e m p e r a t u r e s ( 1 ) A p pr o a c h
E D H T 1 a p pli e s t h e s a m e al g o rit h m a s  E D H, b ut e sti m a t e s t h e  m e a n μ T a n d s t a n d a r d d e vi a ti o n σ T
( cf. ( 2. 3. 2 )) of t h e h o url y t e m p e r a t ur e s fr o m t h e  m e a n s μ T̄ , μΔ a n d s t a n d a r d d e vi a ti o n σ T̄ , σΔ of t h e
d ail y  m e a n T̄ a n d a m plit u d e  Δ.
( 2 ) A p pr o a c h  E D H T 2 c o r r e s p o n d s t o  E D H T 1,  wit h t h e di ff er e n c e of c al c ul a ti n g t h e d ail y t e m p er a t ur e
m e a n T̄ a n d a m plit u d e  Δ fr o m t h e d ail y e xtr e m a b y T̄ T̄ m = T m i n + T m a x

2 a n d  Δ  = T m a x − T m i n .
( 3 ) I n a p p r o a c h  E D M t h e e x p e ct e d v al u e i s c al c ul a t e d e x pli citl y a s i n  E D H, b ut  wit h t h e d ail y  m e a n
t e m p er a t ur e T̄ a s r a n d o m v a ri a bl e,  w hi c h c o r r e s p o n d s t o t h e a s s u m pti o n t h a t h o url y a n d d ail y  m e a n
t e m p er a t ur e s h a v e a si mil a r v a ri a n c e.

T̄ ∼ N (μ T̄ , σT̄ ) ⇒ p T̄ ( y ) =
e − ( y − μ T̄ ) 2 / 2 σ 2

¯T

σ T̄

√
2 π

E [dep (T )]  =
∞

− ∞

dep (y )p T̄ ( y )d y. ( 2. 1. 4 )

M e t h o d s a p p r o xi m a ti n g t h e  d ail y t e m p e r a t u r e  d e p e n d e n c e f u n c ti o n I n a fir st st e p t h e
t e m p e r a t ur e c o ur s e T (t) f o r e a c h d a y i s a p pr o xi m a t e d b y a f u n cti o n T (t, T̄ , Δ) ( cf. ( 2. 2. 2 )) of t h e d ail y
a v e r a g e t e m p e r a t ur e T̄ a n d d ail y t e m p er a t ur e a m plit u d e  Δ.  T h e n t h e d ail y i nt e g r al D E P ( T̄ , Δ) of t h e

t e m p e r a t u r e d e p e n d e n c e f u n cti o n dep (T ) a p pli e d t o t hi s a p pr o xi m a t e d t e m p er a t ur e c o ur s e T (t, T̄ , Δ)
i s e v al u a t e d ( cf. ( 2. 3. 5 ) a n d ( 2. 3. 6 )) b y

D E P ( T̄ , Δ) : =
D ef .

1

0

dep T (τ, T̄ , Δ) d τ
1

0

dep (T (τ )) d τ ( 2. 1. 5 )
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f o r e a c h d a y n o r m ali s e d t o t h e i nt er v al ( 0, 1 ) of t h e p e ri o d ( t0 , t). I n a s e c o n d st e p t h e e x p e ct e d v al u e
E [D E P ( T̄ , Δ)] of D E P ( T̄ , Δ) f o r all d a y s i n ( t0 , t) i s d et e r mi n e d.
( 1 ) A p pr o a c h  D A T a p pr o xi m a t e s E [D E P ( T̄ , Δ)] b y a p pl yi n g D E P t o t h e a v e r a g e d ail y t e m p er a t ur e
c o u r s e,  w hi c h i s c h a r a ct eri s e d b y t h e a v er a g e d ail y t e m p er a t ur e  m e a n μ T̄ a n d t h e a v e r a g e d ail y
t e m p er a t ur e a m plit u d e μ Δ , i. e.

E [D E P ( T̄ , Δ)] D E P (μ T̄ , μΔ ). ( 2. 1. 6 )

( 2 ) I n a p p r o a c h  E D D T 1 t h e e x p e ct e d v al u e of D E P ( T̄ , Δ) i s c al c ul a t e d, r e g a r di n g d ail y t e m p er a t ur e
m e a n T̄ a n d a m plit u d e  Δ a s i n d e p e n d e ntl y n o r m all y di stri b ut e d r a n d o m v a ri a bl e s  wit h  m e a n s μ T̄

a n d μ Δ , s t a n d a r d d e vi a ti o n s σ T̄ a n d σ Δ , a n d d e n sit y f u n cti o n s p T̄ ( y ) a n d p Δ (z ),  w hi c h a r e d e fi n e d
a n al o g o u sl y t o e q. ( 2. 1. 2 ).  T h e e x p e c t e d v al u e E [D E P ( T̄ , Δ)] i s d e fi n e d b y

E [D E P ( T̄ , Δ)]  =
∞

− ∞

∞

− ∞

D E P (y, z ) p T̄ ( y ) d y p Δ (z ) d z. ( 2. 1. 7 )

( 3 ) A p pr o a c h  E D D T 2 c o r r e s p o n d s t o  E D D T 1, e x c e pt t h a t t h e d ail y t e m p er a t ur e  m e a n T̄ i s c al c ul a t e d
b y T̄ T̄ m = T m i n + T m a x

2 .

2. 2  A p p r o xi m a ti o n s

I n t hi s c h a pt er t h e a p pr o xi m a ti o n s u n d erl yi n g all d eri v e d  m et h o d s a r e d e s cri b e d.  T h e i nt e g r al s i n

c) A p pr o xi m ati o n of di stri b uti o n d e n siti e s

p x ( X)

μ xμ x - g·σ x   μ x + g· σ x   

~p x ( X)

Fr e q u e n c y

x0

b) A p pr o xi m ati o n of d ail y t e m p er at ur e c o ur s e

0 1

T e m p er at ur e T

Δ

tm a x

T m a x

T mi n

d a yti m e t

a) A p pr o xi m ati o n of t e m p er at ur e d e p e n d e n c e f u n cti o n

0

1

d e p( T)

T e m p er at ur e  T 

d 0 d 1 d 4d 2 d 3 Fi g ur e 1: A p p r o xi m a ti o n s u s e d i n b y t h e a g g r e-
g a ti o n  m e t h o d s: a ) A p p r o xi m a ti o n of t h e t e m-
p e r a t u r e d e p e n d e n c e f u n c ti o n b y a pi e c e wi s e li n-
e a r f u n c ti o n, d e fi n e d b y a s e t of g ri d p oi nt s d i

a n d t h e c o r r e s p o n di n g v al u e s of t h e d e p e n d e n c e
f u n c ti o n. b ) A p p r o xi m a ti o n of t h e d ail y t e m p e r-
a t u r e c o u r s e u si n g a t ri a n gl e b e t w e e n T m i n a n d
T m a x .  T h e  m a xi m u m i s r e a c h e d a t ti m e tm a x . c )
A p p r o xi m a ti o n of t h e d e n si t y f u n c ti o n p X ( x ) of
t h e n o r m al di s t ri b u ti o n b y t h e p a r a b ol a p̃ X ( x ),
X = T̄ , Δ ( μ X , σX a r e t h e  m e a n a n d s t a n d a r d
d e vi a ti o n ).

e q s. ( 2. 1. 3 ), ( 2. 1. 4 ), a n d ( 2. 1. 7 ) a r e of t h e t y p e e − ( x − a ) 2

f (x ) a n d t h u s n o t a n al yti c all y s ol u bl e f o r
all t y p e s of f u n cti o n s f .  T h er ef o r e,  w e u s e t h e f oll o wi n g a p pr o xi m a ti o n s ( cf. fi g s. 1 a, 1 b, a n d 1 c):

• T h e t e m p e r a t ur e d e p e n d e n c e f u n cti o n dep (T ) i s a p p r o xi m at e d b y a pi e c e wi s e li n e a r f u n cti o n

dep (T ) wit h t h e n d g ri d p oi nt s d i .

dep (T ) =
dep (d i ) + (T − d i )

dep ( d i + 1 ) − dep ( d i )
d i + 1 − d i

, di ≤ T < d i+ 1

0 , el s e
, i = 0 , . . . , nd − 1 . ( 2. 2. 1 )

I n fi g. 1 a e. g. a n a p pr o xi m a ti o n  wit h f o ur li n e a r p a r t s i s s h o w n.
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• T h e d ail y t e m p e r a t ur e c o ur s e i s a p pr o xi m a t e d b y a n a s y m m etri c tri a n gl e T̃ ( t) wit h t h e s a m e
mi ni m u m t e m p e r a t ur e a t t h e b e gi n ni n g a n d e n d of t h e d a y ( cf. fi g. 1 b) a n d a v a ri a bl e ti m e
p oi nt tm a x of t h e  m a xi m u m t e m p e r a t ur e.

T m i n = T̄ −
Δ

2
; T m a x = T̄ +

Δ

2
;

T̃ ( t) =
T̄ − Δ

2 + t Δ
t m a x

, 0 ≤ t < tm a x

T̄ − Δ
2 + ( 1 − t) Δ

1 − t m a x
, tm a x ≤ t < 1

( 2. 2. 2 )

• I n e q. ( 2. 1. 7 ) t h e n o r m al di stri b uti o n d e n sit y f u n cti o n s p T̄ ( y ) a n d p Δ (z ) a r e e a c h a p p r o xi m at e d
b y a p ol y n o mi al p̃ of s e c o n d o r d e r  w hi c h a r e s e t t o 0 f o r v al u e s x, y  < 0 (i n fi g.  1 c: x < μ X − g σ X

a n d x > μ X + g σ X , X = T̄ , Δ).  T h e p a r a m et er g d et er mi n e s t h e  wi dt h a n d h ei g ht of t h e
p a r a b ol a. I n fi g. 1 c t h e a p pr o xi m a ti o n f o r g = 2 .3 i s s h o w n.

p̃ X ( y ) =

⎧
⎨

⎩

3
g 3 σ X

g
2

2
− y − μ X

2 σ X

2

, μX − g σ X < y < μ X + g σ X

0 , el s e
( 2. 2. 3 )

wit h X = T̄ , Δ.  Wit h t h e s e a p pr o xi m ati o n s  w e g et ( pi e c e wi s e) p ol y n o mi al s f o r all f u n cti o n s i n t h e
i nt e g r al s ( 2. 1. 3 ), ( 2. 1. 4 ), a n d ( 2. 1. 7 ).  T h e s o r e pl a c e d i nt e g r al s c a n b e s ol v e d a n al y ti c all y  wit h t h e
h el p of s y m b oli c c al c ul a ti o n s oft w a r e a s e. g. M a t h e m a ti c a o r M a p l e . I n t h e f oll o wi n g  w e r ef er t o
t h e a g g r e g a ti o n  m e t h o d s u si n g t h e s e a p pr o xi m a ti o n s  wit h a til d e.

2. 3  Al g o ri t h m s

I n t hi s s e cti o n  w e d eri v e i n d et ail t h e al g o rit h m s,  w hi c h a r e u s e d t o e v al u a t e t h e n e w a p pr o a c h e s
( E D H,  E D M,  E D H T 1,  E D H T 2,  D A T,  E D D T 1, a n d  E D D T 2 ) t h e pri n ci pl e s of  w hi c h  w e r e pr e s e nt e d
i n s e cti o n 2. 1.
T h e s e v e n  m et h o d s a p pr o xi m a t e t h e t e m p er a t ur e d e p e n d e n c e f u n cti o n dep (T ) b y dep (T ) ( cf. ( 2. 2. 1 )).

T h u s, t hi s pi e c e wi s e li n e a r f u n cti o n dep (T ) h a s t o b e d e fi n e d s uit a bl y b y t h e g ri d p oi nt s d i , i =

0 , . . . , nd − 1.  T h e n t h e e x p e ct e d v al u e of dep (T ) c a n b e t r e at e d a s a s u m of t h e e x p e ct e d v al u e s of

t h e di ff e r e nt li n e a r pi e c e s, i. e. E [dep (T )]  = n d

i = 1 E [dep i (T )]. I n t h e f oll o wi n g it i s t h e r ef o r e s u ffi ci e nt

t o e x pl ai n t h e e v al u a ti o n of E [dep i (T )].

2. 3. 1  A p p r o a c h  E D H

F o r a p pr o a c h  E D H  w e s u b stit ut e i n e q. ( 2. 1. 3 ) t h e t e m p e r a t ur e d e p e n d e n c e f u n cti o n dep (T ) wit h t h e

a p pr o xi m a ti o n dep i (T ) ( cf. ( 2. 2. 1)). I n t hi s  w a y  w e g et t h e a p p r o xi m at e d e x p e ct e d v al u e E [dep i (T )]
of e a c h it h p a r t of t h e d e p e n d e n c e f u n cti o n a s

E [dep i (T )]  =
d i + 1

d i

dep i (T )
e − ( x − μ T ) 2 / 2 σ 2

T

σ T

√
2 π

d x

=
d i + 1

d i

dep (d i ) + (x − d i )
dep (d i+ 1 ) − dep (d i )

d i+ 1 − d i

e − ( x − μ T ) 2 / 2 σ 2
T

σ T

√
2 π

d x

=
d i + 1

d i

( β i + α i x )e − ( x − μ T ) 2 / γ d x

wit h α i = dep ( d i + 1 ) − dep ( d i )
d i + 1 − d i

1
σ T

√
2 π

, β i = dep ( d i )

σ T

√
2 π

− α i d i , γ = 2 σ 2
T w hi c h c a n b e s ol v e d e. g.  wit h t h e h el p

of s y m b oli c c al c ul a ti o n s oft w a r e, b e c a u s e t h e f u n cti o n β i + α i x i s li n e a r i n x .  T h e s ol uti o n yi el d s

E [dep i (T )]  = 0 .5 ( α i μ T + β i )
γ π

2
σ T E r f

d i+ 1 − μ T
√

γ
− E r f

d i − μ T
√

γ
−
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0 .5 α i γ e − ( μ T − d i + 1 ) 2 / γ − e − ( μ T − d i ) 2 / γ ( 2. 3. 1 )

wit h t h e e r r o rf u n cti o n E r f (x ),  w hi c h c a n b e e x p r e s s e d b y t h e s e ri e s
κ m a x

κ = 1
x 2 κ − 1 ( − 1 ) κ − 1

( κ − 1 )! ( 2 κ − 1 ) , s t o p pi n g

aft e r κ m a x i t e r a ti o n s.

2. 3. 2  A p p r o a c h e s  E D M,  E D H T 1, a n d  E D H T 2

T h e a p pr o a c h e s  E D M,  E D H T 1, a n d  E D H T 2 a r e all b a s e d o n a p pr o a c h  E D H ( 2. 3. 1 ) b ut di ff er i n t h e
w a y t h e y e sti m a t e t h e d a t a T, μ T , a n d σ T .
( 1 ) F o r a p pr o a c h  E D M i n e q. ( 2. 3. 1 ) T, μ T , a n d σ T a r e r e pl a c e d b y T̄ , μ T̄ , a n d σ T̄ .
( 2 ) I n a p p r o a c h  E D H T 2 i n a fir st st e p t h e d ail y  m e a n t e m p er a t ur e s a r e a p pr o xi m a t e d b y T̄ T̄ m =
T m i n + T m a x

2 f o r e a c h d a y.  H e n c e  w e c a n a p p r o xi m at e μ T̄ μ T̄ m
a n d σ T̄ σ T̄ m

.
( 3 ) T h e n i n b o t h a p pr o a c h e s  E D H T 1 a n d  E D H T 2  w e d eri v e t h e  m e a n μ T a n d v a ri a n c e σ T of t h e
h o url y t e m p er a t ur e s fr o m t h e  m e a n μ T̄ a n d μ Δ a n d t h e v a ri a n c e σ T̄ a n d σ Δ of t h e d ail y t e m p e r a t ur e
m e a n s a n d a m plit u d e s.
T h e a p pr o xi m a ti o n of μ T i s e a s y, si n c e μ T = μ T̄ .
T o o bt ai n t h e a p pr o xi m a ti o n σ T of σ T w e a s s u m e t h a t t h e t e m p e r a t ur e c o ur s e T̃ d a y ( t) a t a s p e ci fi c
d a y f oll o w s a tri a n gl e, a n al o g o u sl y t o t h e a p pr o xi m a ti o n i n fi g. 1 b) a n d e q. ( 2. 2. 2 ).  T h e tri a n gl e i s
s y m m etri c  wit h  m a xi m u m a t n o o n a n d e q u al  mi ni m a a t t h e b e gi n ni n g a n d e n d of t h e d a y.  H e n c e  w e
g e t

T̃ d a y ( t) =
T̄ d a y −

Δ d a y

2 + t
Δ d a y

0 .5 , 0 ≤ t < 0 .5

T̄ d a y −
Δ d a y

2 + ( 1 − t)
Δ d a y

0 .5 , 0 .5 ≤ t < 1
.

T h e v a ri a n c e σ T of t hi s a p pr o xi m a t e d t e m p e r a t ur e c o ur s e T̃ ( t) d uri n g m d a y s i s gi v e n t hr o u g h t h e
m e a n q u a dr a ti c di st a n c e of e a c h t e m p e r a t ur e v al u e t o t h e  m e a n t e m p e r a t ur e b y

σ 2
T =

1

m

m

d a y = 1

1

0

T̃ d a y ( t) − μ T

2

dt

=
2

m

m

d a y = 1

0 .5

0

⎛

⎜
⎜
⎝ T̄ d a y −

Δ d a y

2
− μ T

α

+ t 2 Δ d a y

β

⎞

⎟
⎟
⎠

2

dt

=
2

m

m

d a y = 1

0 .5

0

α 2 + 2 α β t + β 2 t2 dt

=
1

m

m

d a y = 1

α 2 +
α β

2
+

β 2

6

=
1

m

m

d a y = 1

T̄ d a y − μ T
2

− Δ d a y T̄ d a y − μ T +
Δ 2

d a y

4
+ T̄ d a y − μ T −

Δ d a y

2
Δ d a y +

4 Δ 2
d a y

1 2

=
1

m

m

d a y = 1

T̄ d a y − μ T
2

σ 2
¯T

−
1

m

m

d a y = 1

⎛

⎜
⎝ Δ d a y − T̄ d a y + T̄ d a y − μ T + μ T

0

+ Δ 2
d a y

1

4
−

1

2
+

1

3

⎞

⎟
⎠

= σ 2
T̄ +

1

1 2

1

m

m

d a y = 1

Δ 2
d a y

= σ 2
T̄ +

1

1 2

1

m

m

d a y = 1

Δ 2
d a y − 2 Δ d a y μ Δ + μ 2

Δ + 2 Δ d a y μ Δ − μ 2
Δ

= σ 2
T̄ +

1

1 2

1

m

m

d a y = 1

( Δ d a y − μ Δ )
2

σ 2
Δ

+
1

1 2

1

m

m

d a y = 1

2 Δ d a y μ Δ − μ 2
Δ
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= σ 2
T̄ +

1

1 2
σ 2

Δ +
2 μ Δ

1 2 m

m

d a y = 1

( Δ d a y ) −
1

1 2
μ 2

Δ

= σ 2
T̄ +

1

1 2
σ 2

Δ +
2 μ Δ

1 2
μ Δ −

1

1 2
μ 2

Δ

= σ 2
T̄ +

1

1 2
σ 2

Δ +
1

1 2
μ 2

Δ .

T hi s gi v e s t h e r e s ult

⇒ σ T =
1

1 2
(σ 2

Δ + μ 2
Δ ) + σ 2

T̄
. ( 2. 3. 2 )

T h e n t h e al g o rit h m  E D H ( 2. 3. 1 ) i s u s e d  wit h t h e o bt ai n e d μ T a n d σ T .

2. 3. 3  A p p r o a c h e s  D A T,  E D D T 1, a n d  E D D T 2

F o r t h e f oll o wi n g t hr e e  m et h o d s fir st t h e d ail y v al u e of t h e it h p a r t of t h e d e p e n d e n c e f u n cti o n i s
c al c ul a t e d.  T h e n t h e e x p e ct e d v al u e of t hi s d ail y v al u e i s a p pr o xi m a t e d.

D ail y  d e p e n d e n c e f u n c ti o n i n t e g r al T h e a p pr o xi m a t e d d ail y i nt e g r al D E P ( T̄ , Δ) ( 2. 1. 5 ) o v e r

t h e a p pr o xi m a t e d d e p e n d e n c e f u n cti o n p a r t dep i (T ) ( 2. 2. 1 ) a p pli e d t o t h e a p pr o xi m a t e d t e m p e r a t ur e
c o u r s e T̃ ( t) ( 2. 2. 2 ) (ill u str a t e d b y fi g. 2 ) i s gi v e n b y

D E P i =
1

0

dep i T (τ ) d τ

=
1

0

d e p (d i ) + T (τ ) − d i
dep (d i+ 1 ) − dep (d i )

d i+ 1 − d i

α i

d τ

=
i , 1

i , 1

d e p (d i ) + α i T̄ −
Δ

2
− d i

β i

+ α i τ
Δ

tm a x
d τ +

i , 2

i , 2

d e p (d i ) + α i T̄ −
Δ

2
− d i

β i

+ α i ( 1 − τ )
Δ

1 − tm a x
d τ

= β i ( i, 1 − i, 1 ) +
α i Δ

2 tm a x

2
i, 1 − 2

i, 1 +

β i ( i, 2 − i, 2 ) +
α i Δ

1 − tm a x
i, 2 − i, 2 −

1

2
2
i, 2 − 2

i, 2 +

= β i ( i, 1 − i, 1 + i, 2 − i, 2 )

f β i

+

α i Δ
( 1 − tm a x ) 2

i, 1 − 2
i, 1 − tm a x

2
i, 2 − 2

i, 2 + 2 tm a x ( i, 2 − i, 2 )

2 tm a x ( 1 − tm a x )

f α i

= β i f β i + α i Δ f α i ( 2. 3. 3 )

wit h i, 1 = m a x ( 0 , ti, 1 ), i, 1 =  mi n( ti+ 1 ,1 , tm a x ), i, 2 = m a x( tm a x , ti+ 1 ,2 ), a n d i, 2 =  mi n( ti, 2 , 1 ).
Fi g. 2 s h o w s t h a t ti, 1 , ti+ 1 ,1 , ti, 2 , a n d ti+ 1 ,2 a r e t h e ti m e s  w h e n t h e t e m p er a t ur e r e a c h e s d i a n d
d i+ 1 , t h e l o w e r a n d u p p er t hr e s h ol d of t h e d e p e n d e n c e f u n cti o n d uri n g t h e i n cr e a si n g r e s p e cti v el y
d e c r e a si n g p a r t of t h e a p pr o xi m a t e d d ail y ti m e c o ur s e T̃ ( t).  T h e s e ti m e s c a n b e c al c ul at e d b y t h e
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i n v e r s e f u n cti o n of e q. ( 2. 2. 2 ), i. e.

t =

⎧
⎨

⎩

tm a x
T̃ − T̄ + Δ

2

Δ , 0 ≤ t < tm a x

1 − ( 1 − tm a x )
T̃ − T̄ + Δ

2

Δ , tm a x ≤ t < 1
. ( 2. 3. 4 )

T h e i nt e g r a ti o n b o r d e r s a n d d e p e n d o n T m i n a n d T m a x a s  w ell a s o n t h e t hr e s h ol d s d i a n d d i+ 1 .
A c c o r di n g t o  w h et h e r t h e t e m p e r a t ur e s of t h e r e g a r d e d d a y r e m ai n b et w e e n t h e s e t h r e s h ol d s, c ut
t h e m o r li e o utsi d e of t h e m,  w e g e t f o ur di ff e r e nt c a s e s of ( T m i n , d i ) a n d ( T m a x , d i+ 1 ) c o m bi n a ti o n s,

w h e r e dep = 0 ( cf. fi g. 2 ),  m e nti o n e d i n ( A l l e n 1 9 7 6 ) .  B e c a u s e T m i n = T̄ − Δ
2 a n d T m a x = T̄ + Δ

2 ,
t h e s e f o ur c a s e s c o r r e s p o n d t o f o ur c o m bi n a ti o n s of T̄ a n d  Δ dr a w n a s s h a d e d a r e a s  Ω ν , ν = 1 , . . . , 4 i n
fi g. 3 a ).  T h e v al u e s of t h e i nt e g r al b o u n d a ri e s i, 1 , i, 1 , i, 2 , a n d i, 2 a r e gi v e n i n t a b. 1.  T h e r e s ulti n g
v al u e s f o r f α i a n d f β i i n e q. ( 2. 3. 3 ) f o r t h e f o ur c a s e s a r e li st e d i n t a b. 2.

ν T m i n T m i n T m a x T m a x i, 1 i, 1 i, 2 i, 2

> < > <
1 d i d i d i+ 1 γ i tm a x tm a x tm a x 1 − γ i ( 1 − tm a x )
2 d i d i+ 1 γ i tm a x γ i + 1 tm a x 1 − γ i+ 1 ( 1 − tm a x ) 1 − γ i ( 1 − tm a x )
3 d i d i+ 1 d i d i+ 1 0 tm a x tm a x 1
4 d i d i+ 1 d i + 1 0 γ i+ 1 tm a x 1 − γ i+ 1 ( 1 − tm a x ) 1

T a bl e 1: V al u e s of t h e i nt e g r al b o u n d a ri e s a n d d e p e n di n g o n p o si ti o n of T m i n a n d T m a x wi t h r e s p e c t
t o d i a n d d i + 1 , o b t ai n e d  wi t h i, 1 = m a x ( 0 , ti, 1 ), i, 1 = mi n ( ti + 1 ,1 , tm a x ), i, 2 = m a x ( tm a x , ti + 1 ,2 ), a n d

i, 2 = mi n ( ti, 2 , 1 ) a n d e q. ( 2. 3. 4 ).  T h e v al u e s γ i a r e d e fi n e d b y γ i =
d i − T̄ + Δ

2
Δ

.

ν f β i f α i k 1 k 2

1 1 − γ i 0 .5 ( 1 − γ 2
i ) 0 1

2 γ i+ 1 − γ i 0 .5 ( γ 2
i + 1 − γ 2

i ) 1 1
3 1 0. 5 0 0
4 γ i+ 1 0 .5 γ 2

i + 1 1 0

T a bl e 2: V al u e s of f α i a n d f β i of D E P i

d e p e n di n g o n t h e c o m bi n a ti o n of T m i n a n d
T m a x o b t ai n e d b y s u b s ti t u ti n g t h e v al u e s
f o r a n d of t a b. 1 i n e q. ( 2. 3. 3 ).  T h e

v al u e s γ i a r e d e fi n e d b y γ i =
d i − T̄ + Δ

2
Δ

.

I n t h e f oll o wi n g  w e tr a n sf o r m t h e r e s ulti n g f u n cti o n f o r D E P i ( cf. ( 2. 3. 3 )) t o a g e n er al p ol y n o mi al f o r m
w hi c h i s  m o r e c o n v e ni e nt f o r t h e n u m e ri c al e v al u a ti o n a n d p a r ti c ul a rl y f o r t h e s u b s e q u e nt e v al u a ti o n
of t h e e x p e ct e d v al u e.
T h e s ol uti o n f o r t h e g e n e r al ν t h c a s e of e q. ( 2. 3. 3 ) c a n b e e x pr e s s e d b y

D E P i, ν ( k 1 , k2 , T̄ , Δ)  =

⎧
⎪⎨

⎪⎩

β i (( 1 − k 1 ) + k 1 γ i+ 1 − k 2 γ i ) +

α i
Δ
2 (( 1 − k 1 ) + k 1 γ 2

i + 1 − k 2 γ 2
i ) , di − Δ

2 ≤ T̄ ≤ d i+ 1 + Δ
2

0 , el s e

( 2. 3. 5 )

wit h α i =
dep (d i+ 1 ) − dep (d i )

d i+ 1 − d i
, βi = dep (d i ) + α i T̄ −

Δ

2
− d i , γi =

d i − T̄ + Δ
2

Δ
.

T h e p a r a m e t e r s k 1 a n d k 2 ( cf. t a b. 2 ) d e p e n d t h er e b y o n t h e c o m bi n a ti o n of T̄ a n d Δ w hi c h di ff e r
f o r t h e f o ur c a s e s ν = 1 , . . . , 4 ( cf. fi g. 3 a ).

B y b a c k s u b stit uti o n of γ i a n d β i D E P i, ν ( k 1 , k2 , T̄ , Δ ) l e a d s t o a p ol y n o mi al i n T̄ a n d a r a ti o n al f u n cti o n
i n  Δ,  w hi c h c a n b e e x pr e s s e d ( e. g.  wit h t h e h el p of s y m b oli c c al c ul a ti o n s oft w a r e) b y

D E P i, ν ( k 1 , k2 , T̄ , Δ)  =
3

j = 1

3

l= 1

ξ j,l ( k 1 , k2 ) T̄ l− 1 Δ j − 2 ( 2. 3. 6 )

wit h t h e el e m e nts ξ j,l ( k 1 , k2 ) of t h e c o e ffi ci e nt  m at ri x

ξ j,l ( k 1 , k2 ) ∈ C D =

⎛

⎜
⎝

i (d i+ 1 k 1 − d i k 2 ) + α i (
d 2

i + 1 k 1

2 −
d 2

i k 2

2 ) i ( − k 1 + k 2 ) α i ( − k 1 + k 2 )
2

i ( 1 − 3 k 1

2 + k 2

2 ) + α i (d i k 2 − d i+ 1 k 1 ) α i ( 2 − k 1 − k 2 )
2 0

3 α i ( k 1 − k 2 )
8 0 0

⎞

⎟
⎠
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t

T mi n > d i , T m a x <  d i + 1

tm a x0 1

d i

d i + 1

T T mi n > d i , T m a x >  d i + 1

t

d i

d i + 1

T

ti + 1, 2 1ti + 1, 10

t

T mi n < d i <  T m a x <  d i + 1

d i

d i + 1

T

ti, 1 ti, 2
tti, 1 ti, 2ti + 1, 1 ti + 1, 2

T mi n < d i , T m a x >  d i + 1

d i

d i + 1

T1 2

3 4˜

˜ ˜

˜

Fi g ur e 2: F o u r di ff e r e nt c a s e s of d ail y
t e m p e r a t u r e t ri a n gl e s, d e fi n e d t h r o u g h
t h e p o si ti o n of t h e t e m p e r a t u r e e x-
t r e m a r el a ti v e t o t h e t h r e s h ol d v al u e s
d i a n d d i + 1 of t h e d e p e n d e n c e f u n c ti o n
a p p r o xi m a ti o n.  T h e t e m p e r a t u r e a p-
p r o xi m a ti o n r e a c h e s t h e t h r e s h ol d s d i

r e s p. d i + 1 a t ti m e s ti, 1 r e s p. ti + 1 ,1 i n
t h e i n c r e a si n g p a r t of t h e t ri a n gl e, a n d
a t t h e ti m e s ti, 2 r e s p. ti + 1 ,2 i n t h e d e-
c r e a si n g p a r t of t h e t ri a n gl e.

Δ

ν = 2ν = 3

ν = 1

ν = 4

a)

_
T = d i-Δ / 2

_
T = d i + 1-Δ / 2

_
T = d i+ Δ / 2

_
T = d i + 1+ Δ / 2

_
T

d i

d i + 1

κ = 1

κ = 3
κ = 4

b)

d i + 1- diμ Δ - g σ Δ μ Δ + g σ Δ

  _       _
μ T - g σ T

κ = 2 κ = 5

κ = 6

  _       _
μ T + g σ T

d i

d i + 1

Fi g ur e 3: a ) C o m bi n a ti o n s of d ail y t e m p e r a t u r e a m pli t u d e  Δ a n d d ail y t e m p e r a t u r e  m e a n T̄ ,  w hi c h d e t e r mi n e
f o u r di ff e r e nt p o s si bili ti e s ( a r e a s  Ων , ν = 1 , . . . , 4 ) of t h e p o si ti o n of t h e d ail y t e m p e r a t u r e t ri a n gl e r el a ti v e t o
t h e t e m p e r a t u r e t h r e s h ol d s d i a n d d i + 1 ( cf. fi g. 2 ), a n d h e r e b y of t h e f o r m ul a ti o n of t h e d ail y d e p e n d e n c e

f u n c ti o n D E P i i n e q. ( 2. 3. 6 ). b ) Fi n al i nt e g r a ti o n a r e a i n t h e ( T̄ , Δ )- pl a n e: I t c o n si s t s of t h e si x a r e a s  Ω κ

w h e r e t h e e x p e c t e d v al u e of t h e d ail y d e p e n d e n c e f u n c ti o n i s e v al u a t e d, i. e. t h e d o u bl e i nt e g r al ( 2. 3. 1 0 ) i s
s ol v e d.  T h e f o u r a r e a s of a ) a r e f u r t h e r b o u n d e d b y t h e v al u e s of t e m p e r a t u r e  m e a n s μ T̄ ± 2 σ T̄ a n d a m pli t u d e s
μ Δ ± 2 σ Δ , o u t si d e of  w hi c h t h e d e n si t y f u n c ti o n a p p r o xi m a ti o n i s 0 ( cf. fi g. 1 c ).  T h e a r e a s  Ω1 a n d  Ω 4 of a )
a r e s pli t b y t h e li n e  Δ  = d i + 1 − d i .

1 0



( 2. 3. 7 )

a n d i = dep (d i ) − α i d i .

E x a m pl e 2. 1 T h e c a s e of fi g. 2. 2 yi el d s

T m a x = T̄ +
Δ

2
> d i+ 1 ⇒ T̄ > d i+ 1 −

Δ

2
,

T m i n = T̄ −
Δ

2
< d i ⇒ T̄ < d i +

Δ

2
,

a n d c o r r e s p o n d s t h u s i n fi g. 3 a ) t o a r e a Ω 2 .  T h e r ef o r e, f r o m t a b. 2  w e g et t h e v al u e s f β i = γ i+ 1 −
γ i , fα i = 0 .5 ( γ 2

i + 1 − γ 2
i ) , k1 = 1 , a n d k 2 = 1 .  Wit h t h e s e v al u e s, t h e it h p a rt of t h e a p p r o xi m at e d

d e p e n d e n c e f u n cti o n yi el d s

D E P i, 2 ( 1 , 1 , T̄ , Δ)  = β i (γ i+ 1 − γ i ) + 0 .5 α i Δ( γ 2
i + 1 − γ 2

i ) i n r e p r e s e nt ati o n of e q. ( 2. 3. 3 )

=
1

Δ
i (d i+ 1 − d i ) + 0 .5 α i (d

2
i + 1 − d 2

i ) + α i (d i − d i+ 1 ) a s p ol y n o mi al ( cf. e q. ( 2. 3. 6 ) ) .

E x p e c t e d  v al u e N o w,  wit h t h e a p pr o xi m a t e d d ail y d e p e n d e n c e f u n cti o n i nt e g r al D E P i w e a r e a bl e
t o d et e r mi n e t h e e x p e c t e d v al u e s b y u si n g t h e a p pr o a c h e s  D A T ( 2. 1. 6 ),  E D D T 1, a n d  E D D T 2 ( 2. 1. 7 ).
( 1 ) F o r a p pr o a c h  D A T, t h e a r g u m e nts T̄ a n d  Δ i n e q. ( 2. 3. 6 ) a r e r e pl a c e d b y t h eir  m e a n v al u e s μ T̄

a n d μ Δ .  A n al o g o u sl y t o e q. ( 2. 1. 6 )  w e g e t

E [D E P i ] D E P i, ν ( k 1 , k2 , μT̄ , μΔ ). ( 2. 3. 8 )

T h e n u m b e r ν a n d t h e v al u e s k 1 a n d k 2 d e p e n d o n t h e p o siti o n of μ T̄ a n d μ Δ i n t h e (T̄ , Δ)- pl a n e
r el a ti v el y t o t h e a ct u al v al u e s of d i a n d d i+ 1 ( cf. fi g. 3 a ) a n d t a b. 2 ).  T o o bt ai n t h e t o t al e x p e c t e d

v al u e s, t h e ( E [D E P i ] )i > 0 h a v e t o b e s u m m e d o v e r all i, i. e.

E [D E P ] =
i

E [D E P i ]
i

D E P i, ν ( i ) ( k 1 , k2 , μT̄ , μΔ ) ( 2. 3. 9 )

( 2 ) F o r a p pr o a c h e s  E D D T 1 a n d  E D D T 2  w e s u b stit ut e i n e q . ( 2. 1. 7 ) t h e d ail y t e m p e r a t ur e d e p e n d e n c e

i nt e g r al D E P ( T̄ , Δ) a n d t h e p r o b a bilit y d e n siti e s p T̄ ( y ) a n d p Δ (z ) b y t h ei r a p pr o xi m a ti o n s D E P i

( 2. 3. 6 ), p T̄ ( y ), a n d p Δ (z ) ( 2. 2. 3 ) a n d o bt ai n

E [D E P i ]
∞

− ∞

∞

− ∞

D E P i (k 1 , k2 , y, z) p T̄ ( y ) d y p Δ (z ) d z. ( 2. 3. 1 0 )

B e c a u s e D E P i i s di ff er e nt i n t h e f o ur a r e a s  Ων , ν = 1 , . . . , 4 ( cf. e q. ( 2. 3. 5 )) i n t h e ( T̄ , Δ)- pl a n e a s
s h o w n i n fi g. 3 a ),  w e n o w h a v e t o s ol v e t h e r e s ulti n g i nt e g r al o v e r e a c h of t h e s e f o ur d o m ai n s.  T h e s e
i nt e g r a ti o n d o m ai n s a r e f ur t h erl y b o u n d e d b y t h e v al u e s μ T̄ ± 2 σ T̄ a n d μ Δ ± 2 σ Δ ( d e p e n di n g o n T̄
a n d  Δ)  w hi c h d e fi n e t h e i nt er v al [ μ x − 2 σ x , μx + 2 σ x ]  w h e r e t h e a p pr o xi m a ti o n of t h e d e n sit y f u n cti o n s
i s = 0 ( cf. fi g. 1 c).  F ur t h er m o r e, t h e a r e a s  Ω 1 a n d  Ω 4 a r e s plit b y t h e li n e  Δ  = d i+ 1 − d i t o o bt ai n
a s i nt e g r a ti o n b o u n d a ri e s of t h e i n n er i nt e g r al c o nti n u o u s f u n cti o n s of t h e o ut er i nt e g r a ti o n v a ri a bl e
z .  T h e s o r e s ulti n g si x i nt e g r a ti o n d o m ai n s  Ωκ , κ = 1 , . . . , 6 a r e s h o w n i n fi g.  3 b).  T h e r e s ulti n g
b o u n d a ri e s t o g et h er  wit h t h e v al u e s k 1 a n d k 2 a r e li s t e d i n t a b. 3.  F o r t h e a p pr o xi m a ti o n of t h e
e x p e ct e d v al u e  w e g et n o w

E [D E P i ]

6

κ = 1
Ω κ

D E P i (k 1 , k2 , y, z) p T̄ ( y ) p Δ (z )

P κ

d y d z

E κ [D E P i ]

=

6

κ = 1

Δ , κ

Δ , κ

¯T , κ

¯T , κ

P κ d y d z.

1 1



κ Δ , κ Δ , κ T̄ , κ T̄ , κ k 1 k 2

1 m a x( 0 , Δ ) mi n( d i+ 1 − d i , Δ ) m a x( d i − Δ
2 , T̄ ) mi n ( d i + Δ

2 , T̄ ) 0 1
2 m a x( 0 , Δ ) mi n( d i+ 1 − d i , Δ ) m a x( d i + Δ

2 , T̄ ) mi n ( d i+ 1 − Δ
2 , T̄ ) 0 0

3 m a x( 0 , Δ ) mi n( d i+ 1 − d i , Δ ) m a x( d i+ 1 − Δ
2 , T̄ ) mi n ( d i+ 1 + Δ

2 , T̄ ) 1 0
4 m a x( d i+ 1 − d i , Δ ) Δ m a x( d i − Δ

2 , T̄ ) mi n ( d i + Δ
2 , T̄ ) 0 1

5 m a x( d i+ 1 − d i , Δ ) Δ m a x( d i + Δ
2 , T̄ ) mi n ( d i+ 1 − Δ

2 , T̄ ) 1 1
6 m a x( d i+ 1 − d i , Δ ) Δ m a x( d i+ 1 − Δ

2 , T̄ ) mi n ( d i+ 1 + Δ
2 , T̄ ) 1 0

T a bl e 3: T h e i nt e g r a ti o n b o u n d a ri e s Δ , κ , Δ , κ , T̄ , κ , a n d T̄ , κ a n d t h e v al u e s k 1 a n d k 2 d e p e n d o n t h e
i nt e g r a ti o n d o m ai n s  Ωκ ,  w hi c h a r e d e fi n e d b y t h e c o m bi n a ti o n of  Δ a n d T̄ ( cf. fi g. 3 ) a n d b y t h e b o u n d a ri e s
of t h e p a r a b ol a a p p r o xi m a ti n g t h e d e n si t y f u n c ti o n s of T̄ a n d  Δ ( cf. fi g. 1 c ).
We u s e t h e a b b r e vi a ti o n s Δ = μ Δ − g · σ Δ , Δ = μ Δ + g · σ Δ , T̄ = μ T̄ − g · σ T̄ , T̄ = μ T̄ + g · σ T̄ .

T h e r e b y, t h e i nt e g r a n d P κ i s a p ol y n o mi al of 4t h o r d e r i n y a n d of 3 r d o r d e r i n z b e c a u s e t h e d e n sit y
f u n cti o n a p pr o xi m a ti o n s p T̄ ( y ) a n d p Δ (z ) ( 2. 2. 3 ) c a n b e  w ritt e n a s p ol y n o mi al s

p T̄ ( y ) =

3

n = 1

ζ n y n − 1 , p Δ (z ) =

3

m = 1

ρ m z m − 1

wit h t h e c o e ffi ci e nts

ζ n ∈ C ¯T =

⎛

⎜
⎜
⎝

3
4 g σ ¯T

−
3 μ 2

¯T

4 g 3 σ 3
¯T

3 μ ¯T

2 g 3 σ 3
¯T

− 3
4 g 3 σ 3

¯T

⎞

⎟
⎟
⎠ a n d ρ m ∈ C Δ =

⎛

⎜
⎜
⎝

3
4 g σ Δ

−
3 μ 2

Δ

4 g 3 σ 3
Δ

3 μ Δ

2 g 3 σ 3
Δ

− 3
4 g 3 σ 3

Δ

⎞

⎟
⎟
⎠

a n d t h e r ef o r e  w e c a n  w rit e

P κ = D E P i (k 1 , k2 , y, z)p T̄ ( y )p Δ (z )

=

⎛

⎝
3

j = 1

3

l= 1

ξ j,l ( k 1 , k2 )y l− 1 z j − 2

⎞

⎠
3

n = 1

ζ n y n − 1
3

m = 1

ρ m z m − 1

=

3

j,l, m, n = 1

ξ j,l ( k 1 , k2 )ρ m ζ n

c j , l , m , n ( k 1 , k2 )

y l+ n − 2 z j + m − 3

⇒ E [D E P i ]

6

κ = 1

Δ , κ

Δ , κ

¯T , κ

¯T , κ

3

j,l, m, n = 1

c j,l, m, n ( k 1 , k2 )y l+ n − 2 z j + m − 3 d y d z. ( 2. 3. 1 1 )

T hi s i nt e g r al c a n b e s ol v e d  wit h s o m e c al c ul a ti o n e ff o r t, e. g.  wit h t h e h el p of s y m b oli c c al c ul a ti o n
s oft w a r e, b e c a u s e t h e i nt e g r a n d a s  w ell a s t h e b o u n d s of t h e i n n er i nt e g r al a r e p ol y n o mi al s.  A n
e x a m pl e i s gi v e n at t h e e n d of t hi s s e cti o n.
S u m m a ri z e d, t h e e x p e ct e d v al u e of d e p (T ) i s d et e r mi n e d b y s u m mi n g t h e e x p e ct e d v al u e s of e a c h of
t h e li n e a r pi e c e s of t h e d e p e n d e n c e f u n cti o n.  T h e e x p e ct e d v al u e of t h e it h li n e a r pi e c e i s c al c ul at e d b y
fi r st d et er mi ni n g t h e t hr e s h ol d s d i a n d d i+ 1 of t hi s pi e c e.  T h e n t h e i nt e g r al s o v e r e a c h of t h e a r e a s  Ω κ

h a v e t o b e s ol v e d a n d s u m m e d.  F o r e a c h a r e a, κ d et er mi n e s t h e v al u e s k 1 a n d k 2 a n d t h e i nt e g r a ti o n
b o r d e r s Δ , κ, Δ , κ, T̄ , κ , a n d T̄ , κ ( cf. t a b. 3 ).  Wit h t h e k - v al u e s, t h e c o e ffi ci e nts ξ j,l ( k 1 , k2 ) c a n n o w
b e d et er mi n e d fr o m  m a tri x C D ( 2. 3. 7 ) a n d  wit h t hi s i nf o r m a ti o n, t h e d o u bl e i nt e g r al ( 2. 3. 1 1 ) c a n b e
s ol v e d.
T h e f oll o wi n g e x a m pl e e x pl ai n s t hi s pr o c e d ur e f o r κ = 5.

E x a m pl e 2. 2 F o r t h e c a s e κ = 5 ,  w hi c h c o r r e s p o n d s t o fi g. 2. 2,  w e g et  wit h d i+ 1 − d i > μ Δ − g · σ Δ ,
d i +

Δ
2 > μ T − g ·σ T , a n d d i+ 1 − Δ

2 < μ T + g ·σ T , f r o m t a b. 3 t h e v al u e s k 1 = 1 , k 2 = 1 , Δ ,5 = d i+ 1 − d i ,

Δ ,5 = μ Δ + g · σ Δ , T̄ ,5 = d i + Δ
2 a n d T̄ ,5 = d i+ 1 − Δ

2 . H e n c e t h e 5 t h p a rt of e q. 2. 3. 1 1 i s gi v e n b y

E 5 [D E P i ] =
μ Δ + g σ Δ

d i + 1 − d i

d i + 1 − z
2

d i + z
2 j,l, m, n

c j,l, m, n ( 1 , 1 ) y l+ n − 2 z j + m − 3 d y d z
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=
μ Δ + g σ Δ

d i + 1 − d i

3

j = 1

3

m = 1

ρ m z j + m − 3
d i + 1 − z

2

d i + z
2

3

l= 1

3

n = 1

ζ n ξ j,l ( 1 , 1 ) y l+ n − 2 d y d z

b e c a u s e o nl y ξ 1 ,1 , ξ 2 ,1 = 0 w e g et t h u s

=
μ Δ + g σ Δ

d i + 1 − d i

2

j = 1

3

m = 1

ρ m z j + m − 3 ξ j, 1 ( 1 , 1 )
d i + 1 − z

2

d i + z
2

3

n = 1

ζ n y 1 + n − 2 d y d z

=
μ Δ + g σ Δ

d i + 1 − d i

2

j = 1

3

m = 1

ρ m z j + m − 3 ξ j, 1 ( 1 , 1 )

3

n = 1

ζ n

n
((d i+ 1 −

z

2
) n − (d i +

z

2
) n ) d z

=
μ Δ + g σ Δ

d i + 1 − d i

2

j = 1

3

m = 1

ρ m z j + m − 3 ξ j, 1 ( 1 , 1 ) ·

ζ 1 (d i+ 1 − d i ) +
ζ 2

2
d 2

i + 1 − d 2
i +

ζ 3

3
d 3

i + 1 − d 3
i

a 0

+

− ζ 1 +
ζ 2

2
(− d i+ 1 − d i ) +

ζ 3

2
− d 2

i + 1 − d 2
i

a 1

z +

ζ 3

4
(d i+ 1 − d i )

a 2

z 2 +
ζ 3

1 2

a 3

z 3 d z

=
μ Δ + g σ Δ

d i + 1 − d i

2

j = 1

3

m = 1

ρ m ξ j, 1 ( 1 , 1 ) ·

3

n = 0

a n z j + m + n − 3 d z

=
2

j = 1

3

m = 1

3

n = 0

ρ m ξ j, 1 ( 1 , 1 ) a n

j + m + n − 2
· ((μ Δ + g σ Δ ) j + m + n − 2 − (d i+ 1 − d i )

j + m + n − 2 ) .

3  P r o p e r ti e s of  R e s ul ti n g  M e t h o d s

T a bl e 4 gi v e s a n o v e r vi e w of t h e ei g ht di ff er e nt  m et h o d s,  w hi c h h a v e b e e n d eri v e d i n t hi s p a p er,  wit h
r e s p e ct t o t h ei r t e m p o r al r e s ol uti o n, t h ei r d at a r e q uir e m e nts a n d t h e a p pr o xi m a ti o n s t h e y u s e.
T h e  m et h o d s di ff er p a r ti c ul a rl y i n t h e  w a y i n  w hi c h t h e y u s e t h e i nf o r m a ti o n a b o ut t h e t e m p e r a t ur e
v a ri a bilit y c o nt ai n e d i n t h e i n p ut d a t a.
M et h o d  E D H t a k e s i nt o a c c o u nt t h e i ntr a d ail y v a ri a bilit y b y u si n g h o url y i n p ut d a t a.  M et h o d s
E D D T 1,  E D H T 1,  E D D T 2,  E D H T 2, a n d  D A T e x tr a c t t h e i nf o r m a ti o n a b o ut t h e i ntr a d ail y v a ri a bil-
it y fr o m d ail y t e m p e r a t ur e a m plit u d e s b y a s s u mi n g a tri a n gl e- s h a p e d t e m p e r a t ur e c o ur s e,  w hi c h i s
eit h er u s e d t o e sti m a t e t h e st a ti sti c al p a r a m et er s of t h e h o url y t e m p e r a t ur e s o r t o c al c ul a t e t h e d ail y
d e p e n d e n c e f u n cti o n a n d it s e x p e ct e d v al u e.  F o r t h e c a s e t h a t o nl y d ail y ( m et h o d  E D M) o r e v e n l o n g
t e r m  m e a n s ( m et h o d  D A) a r e a v ail a bl e, i ntr a d ail y v a ri a bilit y i s n e gl e ct e d.

4  Di s c u s si o n

I n t hi s p a p e r, a r a n g e of n e w a p pr o a c h e s f o r a g g r e g a ti n g t e m p e r a t ur e d e p e n d e n c e f u n cti o n s t o l o n g e r
ti m e p e ri o d s h a v e b e e n d eri v e d.  T h e  m et h o d s a r e c o n str u ct e d f o r a v a ri et y of i n p ut d a t a r e s ol uti o n s
a n d all o w t h e i n cl u si o n of t e m p o r al t e m p e r a t ur e v a ri a bilit y i n e c ol o gi c al  m o d el s.  T a bl e 4 gi v e s a n
o v e r vi e w of t h e s e  m et h o d s, t h eir t e m p o r al r e s ol uti o n, i n p ut d a t a n e e d s a n d a n y a p pr o xi m a ti o n s u s e d.
T h u s, a n a p pr o pri a t e  m et h o d n o w c a n b e c h o s e n fr o m t hi s s et, d e p e n di n g o n t h e a v ail a bl e i n p ut d a t a,
t h e n e e d e d a g g r e g ati o n p e ri o d, a n d t h e n e c e s s a r y p r e ci si o n .
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Method Abbr. Type Input data exact Approx- aprox.

Time re- Variables Statistical formula mation formula

solution parameters

E
¯
xpectation value EDH E hours T µT , σ∆ 2.1.3 dep 2.3.1

d
¯
ependence function

of h
¯
ourly temperatures

E
¯
xpectation value of EDHT1 E days T̄ , µT̄ , σT̄ , 2.1.3 dep, 2.3.1,

d
¯
ependence function ∆ = µ∆, σ∆ TC 2.3.2

of h
¯
ourly temperatures Tmax − Tmin

approx. by t
¯
riangle

based on mean and amplitude

E
¯
xpectation value of EDDT1 E days T̄ , µT̄ , σT̄ , 2.1.7 dep, 2.3.11

d
¯
ependence function ∆ = µ∆, σ∆ TC,

of h
¯
ourly temperature Tmax − Tmin ND

approx. by t
¯
riangle

based on mean and amplitude

E
¯
xpectation value of EDHT2 E days T̄m = µT̄m

, σT̄m
2.1.3 dep, 2.3.1,

d
¯
ependence function

Tmax+Tmin
2

µ∆, σ∆ TC 2.3.2

of h
¯
ourly temperatures ∆ =

approx. byt
¯
riangle Tmax − Tmin

based on extrema

E
¯
xpectation value of EDDT2 E days T̄m = µT̄m

, σT̄m
2.1.7 dep, 2.3.11

d
¯
ependence function

Tmax+Tmin

2
µ∆, σ∆ TC,

of d
¯
aily temperature ∆ = ND

t
¯
riangle based on Tmax − Tmin

extrema

E
¯
xpectation value of EDM E days T̄ µT̄ , σ∆, 2.1.4 dep 2.3.1

d
¯
ependence function

of daily

temperature m
¯
ean

D
¯
ependence function DAT A months µT̄ , µ∆ µT̄ , µ∆ 2.1.6 dep, 2.3.8

of a
¯
verage daily TC

temperature t
¯
riangle

D
¯
ependence function of DA A months µT̄ = µT µT̄ 2.1.1 dep 2.1.1

a
¯
verage temperature

Table 4: Overview over the temperature dependence aggregation methods: They are divided according
to the type of method (explicit e

¯
xpectation value calculation, or dependence function of a

¯
verage input), the

resolution and kind of the needed input data (T : hourly temperature, Tmax, Tmin: daily temperature extrema,
∆: daily temperature amplitude, T̄ : daily temperature mean, T̄m: approximated daily temperature mean,
µT̄ : monthly mean temperature, σ: monthly mean amplitude), the statistical parameters estimated from
these data (µ: mean and σ: standarddeviation) and the approximations used (dep: dependence function, TC:
daily temperature course, ND: normal distribution). References to the formulae are given in columns “exact
formula” and “approx. formula”. Note, the method DA is a widly used approach.

The main characteristics and differences of the methods are:
(1) Method EDH takes into account the intra daily variability by using hourly input data and hence
including the temperature variance. (2) Methods EDDT1, EDHT1, EDDT2, EDHT2, and DAT ex-
tract the information about the intra daily variability from daily temperature amplitudes by assuming
a triangle-shaped temperature course, which is either used to estimate the statistical parameters of
the hourly temperatures or to calculate the daily dependence function and its expected value. (3)
Method EDM uses the inter-daily variability by the variances of daily mean temperatures, but neglects
the intra daily variability.
Thus, all of the presented approaches are able, to different extents, to include temporal temperature
variability, in contrast to the widely used application of the dependence function to (long term) tem-
perature means (approach DA in tab. 4).

However, the new methods might have a certain bias arising from the used approximations and
assumptions. They assume the temperature variables to be normally distributed and temperature
mean and amplitude to be independent of each other, which is probably not always correct. The
assumption of a daily triangle temperature course similar to the triangulation method of Lindsey and
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Newman (1956), might also appear crude. However, physiological time calculated with this triangula-
tion can be sufficiently precise, if the times of the daily temperature maxima are known, as shown for
the example of codling moth development (Lischke 1991). Thus for an adequate use of the triangle
approximation either the temperature maximum time is required for each day or a method which
calculates the daily dependence function based on the triangulation independently of this time.
The latter holds for the methods EDDT1 and EDDT2, where the temperature maximum time drops
out during the calculation of the daily temperature dependence. This could be an advantage over the
methods EDHT1 and EDHT2 and also over the sine-sine-method of Allen (1976), because in their the
daily dependence approximation this time still appears, and hence has to be estimated e.g. to be at
noon.

To assess the effects of the aforementioned potential biases and the applicability of the presented
methods, the precision and efficiency of the methods have been tested (Lischke et al. 1996) in
several ecological applications and compared to other common methods. The tests revealed that it
can be crucial to use all available variability information dependent on the precision requirements to
obtain satisfying results. Also, the approaches EDH, EDHT1, and EDHT2 combined high precision
with high speed on their respective levels of resolution. The effect of the bias introduced by assuming
the temperature maximum to occur at noon in EDHT1 and EDHT2 turned out to be negligible.

The presented methods can be used in a wide range of ecological models where variable abiotic
factors are affecting the dynamics, e.g. in pest prognosis models. They can be particularly useful
where dynamics which still depend on smaller time scale variations have to be simulated on large
time scales, as e.g. weather dependent plant growth in dynamic vegetation models which are used to
assess the impact of climate change over centuries. For instance, the forest succession model For-
Clim reacts very sensitively (Fischlin et al. 1994) to whether the climate input is formulated as
constant input or by a stochastic weather generator on the monthly scale but runs for several hundred
years. Another example are models for the simulation of the forest carbon cycle as reviewed by Per-
ruchoud and Fischlin (1995), which depend on temperature and run for even longer simulation periods.

The construction of the approaches is not restricted to the specific approximations we presented
here, other ones could be chosen as e.g. quadratic polynomials for the daily temperature course,
exponential functions to approximate the temperature dependence function, or piecewise linear poly-
nomials to approximate density functions. The latter could extend the range of applicability also to
other than normal distributions, even to empirical ones.
The approaches are also not restricted to dependence functions of temperature. The methods EDH
and EDM which do not assume a certain daily temperature course can also be applied to depen-
dence functions of other abiotic factors, or more generally to the calculation of arbitrary functions of
normally distributed random variables. We used e.g. the method EDH successfully to calculate the
expected values of a nonlinear light dependence function in the forest dynamics model DisCForM

(Lischke et al. 1995).
The concept of approximating the daily temperature course, which is the basis of the methods DAT,
EDHT1, EDHT2, EDDT1, and EDDT2 could be transferred to other periodicities, as e.g. inter-
decadal temperature oscillations (Mann et al. 1995) or the yearly temperature course. This would
allow the estimation of long term dependence functions of monthly temperature means, given yearly
statistic parameters of extrema and means of daily or monthly temperature means.
The methods are even not restricted to temporal variability. It is possible to also apply them for
spatially varying input variables, e.g. during an spatial model upscaling.
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5 Conclusions

Now we have a variety of methods at hand, which can be applied to every temperature dependence
function by simple linearisation. They are suitable for different temperature input data resolutions,
e.g. minutely or hourly temperature, daily mean and daily amplitude, daily extrema, monthly mean
and monthly mean day-amplitude and monthly mean. With these methods it is possible to use as
much information about the variability in the input data as available through daily amplitudes or
standard deviations of hourly temperatures, and can be used for arbitrarily large time steps ranging
from days to millenia. Finally they can be applied to any kind of dependence function in many fields
of ecological modelling applications.
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A  O v e r vi e w of t h e  u s e d s y m b ol s

T a bl e 5:  T a bl e of S y m b ol s

S y m b ol M e a ni n g U ni t

t ti m e d a y s
T ( t) t e m p e r a t u r e a t ti m e t 0 C

T̃ ( t) a p p r o xi m a ti o n of t e m p e r a t u r e a t ti m e t 0 C
T̄ d ail y t e m p e r a t u r e a v e r a g e 0 C
T m i n d ail y  mi ni m u m t e m p e r a t u r e 0 C
T m a x d ail y  m a xi m u m t e m p e r a t u r e 0 C
t m a x ti m e of d ail y  m a xi m u m t e m p e r a t u r e d a y s
Δ d ail y t e m p e r a t u r e a m pli t u d e 0 C
dep ( T ) t e m p e r a t u r e d e p e n d e n c e f u n c ti o n -

dep ( T ) a p p r o xi m a ti o n of t e m p e r a t u r e d e p e n d e n c e
f u n c ti o n -

dep i ( T ) a p p r o xi m a ti o n f o r i t h li n e a r p a r t of
t e m p e r a t u r e d e p e n d e n c e f u n c ti o n -

d i di s c r e ti z a ti o n of dep ( T ) , l o w e r t e m p e r a t u r e

t h r e s h ol d of dep i ( T ) 0 C

d i + 1 u p p e r t e m p e r a t u r e t h r e s h ol d of dep i ( T ) 0 C
E [X ] e x p e c t e d v al u e of r a n d o m v a ri a bl e X s a m e a s X
p X ( X ) d e n si t y f u n c ti o n of r a n d o m v a ri a bl e X -
μ X ( X )  m e a n of r a n d o m v a ri a bl e X s a m e a s X
σ X ( X ) s t a n d a r d d e vi a ti o n of r a n d o m v a ri a bl e X s a m e a s X
p̃ X ( X ) a p p r o xi m a ti o n of d e n si t y f u n c ti o n of

r a n d o m v a ri a bl e X -
ζ n , ρm c o e ffi ci e nt s of p̃ T̄ ( y ) a n d p̃ Δ ( z ) i n p ol y n o mi al f o r m

, b o u n d a ri e s of i nt e r v al  w h e r e p̃ X ( x ) = 0 , X = T̄ , Δ 0 C
D E P d ail y t e m p e r a t u r e d e p e n d e n c e f u n c ti o n i nt e g r al -

D E P i, ν ( k 1 , k2 , T̄ , Δ ) d ail y i nt e g r al o v e r i t h li n e a r p a r t of a p p r o-
xi m a ti o n of t e m p e r a t u r e d e p e n d e n c e f u n c ti o n -

Ω i nt e g r a ti o n a r e a -
, i nt e g r a ti o n b o u n d a ri e s d a y s, 0 C

d u e t o p o si ti o n of T m i n a n d T m a x

r el a ti v el y t o d i a n d d i + 1

i = 1 , ...,  m i n d e x of d e p e n d e n c e f u n c ti o n di s c r e ti z a ti o n -
ν,  κ i n di c e s of s u bi nt e g r al s a n d i nt e g r a ti o n a r e a s -
α, β, γ, v a ri a bl e s u s e d f o r s u b s ti t u ti o n
f a l p h a , fb e t a -

ξ j, l ( k 1 , k2 ) ∈ C D c o e ffi ci e nt s of D E P i ( k 1 , ν , k2 , ν ) i n p ol y n o mi al f o r m -
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